The effect of random wave fields on passive tracer spatial variations is studied. We derive a closed form expression for the spatial autocorrelation function (or power spectrum) of the tracer fluctuations that is quantitatively accurate so long as wave field nonlinearities are small. The theory is illustrated for the case of long internal gravity waves in the ocean. We find that even if the spectrum of the advecting velocity field is a pure power law, the tracer spectum has two separate power law subranges. Most important to oceanographic applications, in the larger scale region the effective horizontal compressibility of the wave velocity field becomes a dominant factor of the tracer variations. In such cases, the concentration spectrum becomes approximately proportional to the spectrum of the wave potential energy. The latter, which decays with increasing wavenumber much more rapidly than that known for two-dimensional eddy turbulence, is.contirmed by satellite observations in wave-dominated ocean regions.
Introduction
Spatial variations of sea surface temperature, chlorophyll concentration and other tracers reflect, among other factors, a pattern of water motions in the upper ocean layer. In the range of scales from loo-lo2 kilometers, oceanic motions are essentially two-dimensional and their kinetic energy spectrum E ( k ) , according to theoretical predictions for two-dimensional eddy turbulence, is controlled by the direct inertial cascade of enstrophy: E ( k ) = C n~; '~k -~, where en is the rate of enstrophy transfer in the spectral cascade and Cn is a universal constant. Present theory of turbulent transport then predicts the wavenumber spectrum of a spatially-varying field of tracer concentration to be proportional to k" (see, eg., [l, 2, 31). Many observations, however, yield much higher rates of spectral roll-off (see, e.g., explanations have been suggested for these higher rates (see, e.g., [7] ), none of them questioned the 2-D eddy turbulence as an important dynamical factor of tracer dispersion on these short scales.
In the present work we study fluctuations originating from a different source of oceanic motions, namely those caused by random waves. While the formal theory presented here is general, the results will be specialized and applied in the end to the case of baroclinic inertia gravity (BIG) waves, since these waves represent one of two major classes of large-scale oceanic motions. The theory of passive 1 tracer fluctuations in random wave fields presented in this paper should lead to better understanding of the observed patterns of tracer field concentration, including patchiness of biological fields.
As will be shown in Sec. 3, in certain areas of the ocean BIG waves dominate the kinematics of the passive tracer field, at least on scales 1 5 2~/ k 5 1OOkm. Such areas include many high-latitude regions in which eddy turbulence tends to be generally weak. In general, the kinetic energy of eddy turbulence in the world ocean (excepting, of course, the strong ocean current areas such as the Gulf Stream or the Antarctic Circumpolar Current region) rapidly decreases with an increasing latitude [9] . It is well known ( [8] ) (and has been confirmed by numerical models of ocean dynamics [9] ) that the characteristic size of ocean eddies generated by baroclnic instability of ocean shear flows is comparable to the local Rossby radius of deformation. At high latitudes, the baroclinic Rossby radius is under 20km. The energy of vortical turbulence is transferred from this range to larger scales through the inverse Kolmogorov-type spectral cascade, and the velocity spectrum behaves approximately as k-5/3. The spectrum of BIG wave turbulence in the inverse cascade range behaves as ( [lo] ), and therefore grows at a more rapid rate as k decreases. Thus, if the energy of both the vortical and the wave motions is generated at high wavenumbers, the relative intensity of eddy turbulence at wavenumbers below the generation range (i.e, on scales greater than, say, 20km) could drop well below that of BIG wave turbulence. Spatial variations of tracer fields may thus be affected by wave motions in a rather broad spectral range. The passive tracer spectrum measured by Gower et al. (1980) [4] at 60°N latitude (where the Rossby radius is below 10 km), reproduced in Fig. 1 , confirms this theory. This will be discussed in more detail and supported with more recent experimental data in Sec. 3.
Passive scalar dynamics is governed by the transport equation for the concentration field q(x, t ) advected by a random wave velocity field v(x, t ) , which in this work will be taken to be spatially-homogeneous and"statistical1y stationary. Molecular diffusion, which is generally extremely small on the scale of turbulent diffusion, is neglected. It is commonly assumed that v is incompressible, V . v = 0, but for wave fields, where one is interested mainly in horizontal transport, one is led naturally to effective two-dimensional descriptions -such as the shallow water equationswhere the variation of the height of the free surface, or of isopycnal surfaces, leads to an effectively compressible horizontal velocity field v. This property will turn out to be crucial to the strong influence of the wave field on the passive tracer concentration field: the compressional part of the wave field leads directly to fluctuations in the tracer concentration. In all that follows all vectors will be restricted to the horizontal plane.
We will derive a closed-form solution for the autocorrelation function in which the average is over the appropriate ensemble of wave fields determined by the statistics of v. In contrast to the classical problem of particle dispersion by eddy turbulence (reviewed, e.g., in for the fluctuating field q ( x , t ) ) is much shorter than the timescale on which the evolution of ( q ( x , t ) ) , (q(x1, t)q(xp, t ) ) , etc. is observed.
We find also that even if the advecting velocity field has a pure power law turbulent spectrum, there emerge two separate power law subranges in the tracer spectrum. It is found that at larger scales a linearized version of the passive tracer transport equation is valid, and leads to a power-law dominated by the compressive part of the velocity field. However, at smaller scales, essentially nonlinear effects dominate, and a different power-law obtains.
The closed-form expression for R(r) obtained in this work is rather general and applies to either linear or nonlinear waves of an arbitrary nature -provided only that their nonlinearity is sufficiently weak. Conversely, the wave-induced diffusion studied in [14, 151 is a second-order effect, associated with the wave nonlinearity, and vanishes for purely linear waves. Thus, the present effect is much stronger and easier to observe.
Theory of tracer fluctuations

Quick derivation
In order to understand, at the simplest possible level, the direct relationship between passive scalar statistics and statistics of the velocity field v, consider the limit in which v is small. Let Q be the overall mean tracer concentration, and assume that the fluctuating part q ( x ) -Q is also small. This is actually an independent assumption since the size of the latter is set by initial conditions and may be large even if the former is small. The latter assumption will be lifted in the formal derivation in the next subsection.
Linearizing (1) one obtains atq = -qv.
In most cases the full three-dimensional field is incompressible, so one is assuming here a projected description in which only the horizontal velocity components are taken into account, and q has been 
is the velocity correlator. simultaneously for the effects of the (possibly interacting) vortical eddy and wave field modes. We may suppose, however that vortical motions are slow on the scale of a typical BIG wave period, and hence that we may ignore further vortical motions while we consider the evolution of q on such time scales.
One sees from the above calculation that after a time of order the wave field decorrelation time 7, that the full observed spectrum fi(k), obtained from the Fourier transform of "equilibrates" to a new steady state, given by the sum
that incorporates the spectrum of the BIG wave field. However, the additive nature of this spectral renormalization means, in particular, that observation of the effects of waves on passive tracer fluctuations in any particular part of the spectrum requires that the wave energy spectrum be of the same order or larger than the eddy energy spectrum. If such is the case, this then provides a possible explanation for the more rapid than expected fall-off in the observed spectrum of concentration field fluctuations: see Sec. 3 below for a more detailed discussion.
Formal theory
In order to confirm the content of (13) and (16) we turn to a full theory of passive tracer fluctuations.
This will allow us to evaluate the range of validity of the quick derivation and to understand the origin of any corrections. The results derived in this subsection will be valid for an initial qo(x) with arbitrarily large fluctuations, so long as v is at most weakly nonlinear. The subtraction is required to eliminate the corresponding delta-function terms in k itself. We will see that the quick result of the previous subsection emerges in an appropriate limit from the first two terms in (22).
To evaluate K more explicitly an approximate scheme for computing X must be developed. As shown 
in which the subscript c indicates that the product of the averages should be subtracted. The first term represents the mean relative drift of two particles a distance r' apart. Since we are considering a homogeneous situation, so that (AZyo(t)) is independent of y , this term vanishes identically. Defining the Lagrangian correlator and neglecting all higher order terms in X (which is valid for small ~O T , i.e., on length scales larger than the typical distance travelled by a tracer particle in a typical wave period -roughly a factor U O / Q times the dominant wavelength), we obtain then in which r;' is the inverse of the matrix r,j. 
Calculation of spectral renormalization
The The original quick derivation was based on the assumption that fluctuations in q were small compared to the mean Q, i.e., that &(k) << tj2. Under this condition the second line of (37) is small compared to the first two terms, and (16) is rigorously recovered.
We remark in passing that the k-space approximation used in (36) may also be implemented in the real space version form (31). The small k limit is equivalent to the limit where r is sufficiently large that r,j(r') is slowly varying over the range of r' for which the exponential numerator in (31) is not vanishingly small, i.e., the limit where the replacement of rij(r') by 'yij(r) in the exponential is permitted. The real space form of (37) is then obtained by making this replacement and then performing a second order
Taylor expansion of the determinant denominator of the right hand side of (31) in the difference r' -r. However, BIG waves also have an inverse cascade of wave action that yields kd-lF(k) -corresponding to q = 2 and hence kd"A8(k) -k-P with p = 3. Since the wavenumber range over which most of the external energy/action input occurs is not known, the precise wavenumber separating the direct and inverse cascades is not known. Both theory and observations [ll] seem to indicate that behavior may extend to length scales as short as 20km, with k-4/3 behavior observable only on yet shorter scales. It is therefore possible that it is precisely under these circumstances that k-3 tracer spectra are being observed. Clearly, depending upon the precise ocean conditions, and hence the exact balance between the various terms entering the determination of a ( k ) , the present theory allows an effective tracer spectral exponent anywhere within the observed range 1 5 p 5 3. corresponding to a Fourier space spectral decay k-(d+fi) = k-"?. Interestingly, the more fractal like is the wave velocity field spectrum (the smaller the value of P ) , the less fractal like is (the steeper is the fall off of) the passive tracer spectrum. The l / k theoretical (angular integrated) spectrum alluded to in the introduction corresponds to the case of a logarithmic divergence in &(r) as r + 0. This yields, effectively, Q = 0 and (42) is predicted to be valid, up to possible logarithmic corrections. A value p = 1 would then produce a wave-field renormalized spectrum, consistent with observations.
Consider next the range
Let us now derive a form for p for a given behavior of the frequency or wavenumber spectrum. The full wavenumber-frequency spectrum for a general wave field is given by (10) in which the dispersion relation is w(k) = d m for BIG waves, where f = 2Rsin(+) is the Coriolis parameter (0 begin the earth's rotation frequency and q5 being the latitude). In the isotropic approximation in which we work, we assume F&(k) = $F(k)&j and consider only isotropic w(k) = w ( k ) so that the total kinetic energy spectrum (the trace of @ i j ) is
jFrom ( If q + 2C < 2 then this will be the leading term, and one immediately identifies p = q + 26. On the other hand, if q + 2C > 2 then this singular term will be subleading, and y(r) will have a leading r2 term given by In this case one would then identify p = 2, and bne then infers the general relation, /3 = min{q + 26, 2).
(47)
For q > 0 and 6 = 1 one has 26 + q > 2 and we infer that = 2 in all the cases discussed above. The results in the Appendix A [case (vi)] then imply that p = a: the initial spectrum is unrenormalized in this range of larger k .
We conclude that the effects of BIG waves on the passive tracer spectrum are expected to be strongest only in the smaller k range where (12) and (16) are valid. For BIG waves the spectral peak is at the Coriolis frequency f . The characteristic length X0 -c/ f R is then determined by the Rossby radius R.
At mid-latitudes R -20-40km. The condition for the validity of (12) and (16) is then that k < q,/uoR, i.e., that length scales X > 27r(uo/~)R -10-20km be considered.
For BIG waves, one has the relation k 2 F~( k ) / w ( k ) 2 = (p*c2)-lU(k), where p* is the average water density and U ( k ) is the potential spectrum (which can be inferred from satellite altimeter data). In Fig. 2 we display an example of such a U ( k ) , showing the behavior discussed above. This theoretical spectrum has been confirmed by satellite altimeter observations of sea surface height variations on scales from about 70km to an almost 103km [ll] .
As a preliminary test of our theory, in Figs. 1 and 3 we contrast wavenumber spectra of chlorophyll concentration fields observed in two different regions, the first in which BIG waves dominate the energy spectrum in the given range, and the second where two-dimensional eddy turbulence dominates over all relevant scales. The experimental data analysis approach is described in Appendix B. The first region is at a high latitude of 60"N south of Iceland, and the second at 35'N east of Honshu Island, Japan. The spectral power law in Fig. 3 indeed follows closely the k" law predicted for eddy induced passive tracer variations [2] . The region for which this spectrum has been estimated is near the Kuroshio current which provides a strong source of 2D eddy turbulence. is much greater than that of eddy turbulence, whereas in the low-latitude region, Fig.5 , the opposite is true. As discussed in the Introduction, the dominance of BIG wave turbulence in the'high-latitude region of Fig.1 is due to the fact that the energy of eddy turbulence is generated in the high wavenumber range of the spectrum. The chlorophyll concentfation field yielding the spectrum in Fig. 3 is shown in Fig. 6 .
A Asymptotics of the spectral integral
Consider an integral of the form with o and /3 taking any real values. We divide the analysis into several cases. (iv) In the special case a = 0 and 0 < , f3 < 2, I ( 0 ) is still divergent due to the (now logarithmic) singularity at small z. This case is most simply treated by considering the limit a + 0-. Equation ( 
